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ABSTRACT 
In this paper it is shown that for any three positive integers k, n, and m, there 
exists a closed sequence (ordered cycle) of k m-ary digits 0, l,..., m - 1 such that 
the k subsequences of n consecutive digits are all different. 
In this paper, a solution of the following combinatorial problem is 
derived: 
Given three positive integers, k, n, and m, does there exist a closed 
sequence (ordered cycle) of k m-ary digits 0, l,..., m - 1 such that the 
k subsequences of n consecutive digits are all different? 
A closed sequence of the required type will be called a closed (m, n, k) 
sequence. An example of a closed (3,2,9) sequence is (001122021), the 9 
ternary subsequences of length 2 being 00, 01, 11, 12, 22, 20, 02, 21, 10. 
Evidently, k cannot exceed mn. It will be shown that, for every k, n, m > 0 
such that k < mn, a closed (m, n, k) sequence does exist. For m = 1, 
the problem is trivial. The binary case, m = 2, was solved independently 
by several authors [l-4], and has important engineering application, 
especially in coding and logical design of switching circuits. Apart from 
the purely mathematical interest in the general (m, n, k) case, the need 
for its solution arouse along with the increasing interest in non-binary 
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digital techniques. To the best knowledge of the author, no published 
solution of the general problem is availab1e.l 
The solution presented here follows, to a certain extent (Lemmas l-5), 
the approach used by M. Yoeli [2]. The main idea is incorporated in 
Lemma 6, from which the final solution is readily derivable. 
THE SHIM NET Tmw 
Let M = (0, l,..., m - l}, m > 2, and let V,, = M”, n 3 1, denote 
the set of n-tuples formed by the n-th Cartesian power of M. That is, any 
element x E V,, is an n-tuple x = (x1, x2 ,..., xn) with components 
xi E A4 (i = 1, 2 ,...) n). 
In V,, we define the relation x -+ y, called the shift relation on V,, , by: 
x-y iff (x2,...,x,) = (~5, . . . . y,-J. 
For x, y E V,, and x + y, let (x, y> denote the element (x1 ,..., x, , yn) = 
(Xl , Yl ,..‘, Yn) of V&+1) . 
The following lemmas may readily be verified: 
LEMMA 1. Let w, x, y, z be elements of V,, such that w  - x, w  -+ y 
andz-x.Thenz-+y. 
LEMMA2. If X -y and y--+z in V,,, then (x, y) - (y, z) in 
V mh+1) * 
To study the properties of the shift relation on V,, , it is convenient to 
associate with V,,,, a weighted directed graph, called the shift net T,, .2 
Tmn is a directed graph with u = mn vertices, labeled by the elements of 
V llzn , and e = mu = mnfl arcs, labeled by the elements of Vm(n+l) . 
The vertices x and y of T,, , x, y E Vmn are joined by an arc <x, y) E V’m(n+l) 
directed from x to y, iff x - y. 
GRAPH-THEORETICAL CONCEPTS 
The following definitions and properties of directed graphs (see [5-61) 
will be used in the sequel: 
1 The author is grateful to the referee who brought to his attention that a part of the 
results obtained in this paper is contained in an unpublished work by R. Turyn. 
* This terminology follows reference [l]. Some authors refer to the shift net as the 
de Bruijn diagram, because of N. G. de Bruijn’s early paper A Combinatorial Problem, 
Nederl. Akad. Wetensch. Proc. 49 (1946), 758-764. 
m-ary CLOSED SEQUENCES 255 
The degree d(x) of a vertex x in a graph is the total number of arcs 
incident at x. 
The outdegree d,(x) (indegree d,(x)) of a vertex x is the total number of 
arcs for which x is the initial (terminal) vertex. 
A graph G is called an Euler graph if for every vertex x of G, d,,(x) = 
4(x). 
A graph G is regular of degree 2g if for every vertex x of G, $(x) = 
di(x) = g. 
A cycle (of length k) is a connected regular graph of degree 2, with k 
vertices (and k arcs), 
A factor of a graph is a set of vertex disjoint cycles contained in G 
which includes all the vertices of G. 
A loop is a cycle consisting of a single arc. 
A factor consisting of a single cycle is called a Hamiltonian-, or shortly, 
an H-cycle. 
PROPOSITION I [5, p. 1671. Let G be a connected directed Euler graph 
with e arcs. The arcs ai of G may be ordered in a closed sequence 
(a, , a2 ,‘.., a,) without repetitions in such a way that the terminal vertex 
xii-l of ai (i = 1, 2,..., e - 1) is the initial vertex of ai+l and the terminal 
vertex of a, is the initial vertex of a, . 
PROPOSITION 2 [5, p. 1111. Let G be a directed regular graph of degree 
2g. The arcs of G may be partitioned into g disjoint sets A,, A, ,..., A,, 
each of Ivhich constitutes a factor. 
PROPERTIES OF Tnzn 
There exists an obvious one-one correspondence between all closed 
(m, n, k) sequences and all cycles of length k of T,,,, . Our purpose now, 
is to show that for every k,O < k < rnnn, there exists a cycle of length k 
in T,,,, . 
By the definitions of T,,,, and the shift relation on V,, we have: 
LEMMA 3. T,, is regular of degree 2m. 
By Lemma 2, we have: 
LEMMA 4. There is a one-one correspondence between the arcs of T,, 
and the vertices of T,c,+~) under which a set of arcs constitutes a connected 
Euler graph in T,, IT the corresponding vertices of T,,,c,,+~) form a cycle. 
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LEMMA 5. Let C be a cycfe of T,,ILIL . Then there exists a factor of T,, 
which includes C. 
Proof. Let E be the connected Euler graph in Tm(+~) corresponding 
toCinT,,. Consider the graph Tl obtained from Tm(n-l) by deleting the 
arcs belonging to E. Each maximal connected part Tli of Tl is obviously 
an Euler graph. One immediately verifies that the cycles Ci in T,,, corre- 
ponding to the connected parts Tli of TX , together with the original cycle 
C, constitute a factor of Trnn . 
An E&-set G of T,, is an Euler graph with k arcs (not necessarily 
connected) contained in T,, and such that for every vertex x of G, 
d(x) < 2(m - 1). 
LEMMA 6. If T,, contains an Ek-set then it also contains a connected 
Euler graph with e - k arcs. 
Proof. Let G1 be an E&-set contained in Tmn and let Tl be the comple- 
ment of G, with respect to T,, . Obviously, Tl is an Euler graph with 
e - k arcs and with d,(x) = di(x) > 1 for every vertex x of T, . Let 
Tli (i = 1, 2,..., p > 1) be the maximal connected parts of Tl . If p = 1, 
there is nothing to prove. Thus, suppose p > 2. In this case, G, certainly 
contains an arc whose endpoints belong to distinct parts of Tl . To be 
specific, let (w, x) be such an arc of G, , with w  E TX1 and x E T12. Now, 
T,l contains at least one arc <w, y) and T12 contains at least one arc 
(z, x), which means that w, x, y and z fulfil the conditions of Lemma 1. 
Hence, there exists another arc (z, y) E G1 which joins T,l with T12. 
Consider now the graphs: G, obtained from G1 by replacing the arcs 
(w, x), (z, y) by (w, y), (z, x), and T, obtained from Tl by replacing 
(w, y> and 0, x> by (w, X> and <z, Y>. 
It may be readily verified that G, is also an E,-set of T,, and that I’, 
is an Euler graph with only p - 1 maximal connected parts. 
Applying the same procedure p - 2 times more, one ultimately obtains 
an E,-set E, and a corresponding connected Euler graph T, with e - k 
arcs. 
LEMMA 7. For every k, 0 < k < m2, T,, contains a connected 
Euler graph with k arcs. 
Proof. T,, is a graph composed of m vertices and m2 arcs. There is a 
loop <x, x) at each vertex x of T,, , and for every pair x, y E Vml , T,, 
contains a pair of arcs (x, y), <y, x) E V,, . One immediately verifies that 
the lemma is true for m = 2. Suppose it is true for m = r - 1 and con- 
sider TT1 . Since T(,-l)l is contained in T,., , the latter contains a connected 
Euler graph for every k, 0 < k < (r - 1)2. 
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If k = (Y - 1)” + t, 1 < t < 2r - 1, and t is even, consider T(r_l)l 
together with the set oft arcs connected between the vertex labeled (r - 1) 
(which belongs to T,, but not to T+l)l) and any t/2 vertices of T(r-l)l . 
If t is odd and t f 1, consider the graph composed of T(r-l)l , the arcs 
connecting vertex (r - 1) with any (t - 1 )/2 vertices of T(,-l)l and the loop 
((r - l), (r - 1)). Finally, if t = 1, consider the graph composed of 
T(r-l)l , with one of its loops deleted, and the pair of arcs connecting some 
vertex of T+l)l with the vertex (r - 1). 
In either case, the graph obtained is a connected Euler graph with 
(r - 1)” + t, 1 < t < 2r - 1, arcs. 
This completes the proof of the induction step and, hence, the lemma. 
THEOREM 1, For every k, 0 < k < mn+l, T,% contains a connected 
Euler graph with k arcs. 
Proof. By Lemma 7, the theorem is true for II = 1. Suppose it is true 
for all n < t and consider T,, . If k < mt, then Trnttel) contains a con- 
nected Euler graph with k arcs and the corresponding cycle in Tmt meets 
the theorem. If k > mt let k = rmt + k’, 1 < r < m - 1, 0 < k’ < FIP. 
By the induction hypothesis, Tm(t--l) contains a connected Euler graph E 
with k” = mt - k’ arcs. Let C be the corresponding cycle in Tnlt . By 
Lemma 5, there exists a factor Fin Tmt which includes the cycle C. Con- 
sider the complement T, of F with respect to T,, . TF is regular of degree 
2(111 - 1) and, by Proposition 2, may be partitioned into m - 1 disjoint 
factors Fi (i = 1, 2 ,..., m - I). 
Consider the graph G composed of the cycle C and m - 1 - r of the 
factors Fi . G is an E,-set of T,,, , where q = (m - r - 1) 1~1~ + k”. 
By Lemma 6, Tw,t contains a connected Euler graph with e - q arcs. 
But, e - q = nC+l - (m - r - 1) mt - (rn” - k’) = rmt + k’ = k, 
which completes the proof of the induction step and, hence, the theorem. 
THEOREM 2. For every k, 0 < k < FJP, T,, contains a cycle of length 1;. 
Proof. One may readily verify the theorem to hold for n = 1. By 
Lemma 4 and Theorem 1, it is then valid for any n > 0. 
COROLLARY. Let m, n, and k be positive integers such that k < m”. 
Then there exists a closed (m, n, k) sequence. 
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